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Chaotic stirring in a new type of mixer with rotating rigid blades
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Abstract

The present study suggests a new conceptual apparatus that can be used to stir fluids at low velocities. This consists of a circular
container equipped with one or two blades arranged along the perimeter which drive the fluid motion. It modifies a previous
apparatus in which fluid was driven by two flexible belts, which is more difficult to implement in experiments. Using the new
device, fluid can be stirred completed with very high fluid stretch-rates in a short time. This could not be obtained in the previous
studies by the belts. Based on extensive computations, the greatest averaged fluid stretch-rate is created by rotating two blades of
lengths 37 /4 and /2, with the second blade actuated at a frequency ten times higher than the first blade. When only one blade is
employed, shorter periods are beneficial to stirring of fluid and produce higher fluid stretch-rates.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the last two decades, a large number of studies have been devoted to stirring of fluid. These studies have been
motivated by the physical interest of the problem, as well as a variety of applications. What is stirring of fluid? Simply
speaking, it consists of agitating fluid by using some moving boundaries that can be set outside or inside fluid domains.
Due to the stirring action, any two fluid particles or blobs which are initially located far from to each other may rapidly
find themselves close to each other. Stirrings of fluid have various applications, for example, in material processing,
food engineering, chemical engineering, and in biomedical engineering. Rather than use turbulent flows or other
mechanisms requiring higher velocities, a complete stirring of fluid can be obtained in laminar flows or even in the
limit of Stokes flows. Gentle stirring is particularly important for fluids consisting of long molecules. For such fluids,
velocities at which fluid is deformed must not be too high to avoid destroying the structure of the fluid molecules.
Therefore stirrings of fluid are frequently performed in the Stokes flow regime.

To clearly understand stirring processes of fluid, experimental, theoretical and numerical efforts are equally nec-
essary. As fluid moves very slowly, theoretical and numerical treatments are relatively simpler than those for flows at
higher velocities. Furthermore, the results obtained by the three distinct methods can be compared with each other in
great detail. This is nearly impossible to do for fluid transported at high velocities. Therefore, the study for the stirring
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of fluid in Stokes flows provides the simplest setting in which to understand the mechanisms underlying chaotic fluid
motions.

Studies focused on stirring in the Stokes flow regime already form a rich body of literature. Flows in two-
dimensional, journal bearing flows and rectangular cavity flows have been extensively investigated and successfully
used to mix fluids (Ottino [1]). The first apparatus consists of a pair of nested cylinders with the inner cylinder
positioned eccentrically with respect to the outer one. Fluid fills the space between the cylinders and is driven by
periodically rotating the cylinders (Aref and Balachandar [2], Chaiken et al. [3], Swanson and Ottino [4], Dutta and
Chevray [5]). The results show that more complete stirring of fluid is obtained when the cylinders are periodically ro-
tated with angular velocities of longer periods. In another configuration, fluid can be efficiently stirred in a rectangular
cavity for which two parallel plates are periodically moved (Chien et al. [6], Leong and Ottino [7], Liu et al. [8]).
The results are similar to those in the journal bearing flows. Jana, Tjahjadi and Ottino [9] further examined chaotic
fluid mixings in baffled cavity flows having geometries that change periodically. The parameters influencing the fluid
mixings include the mixing protocol, baffle size and shapes, geometrical and flow parameters, and details of the baffle
motions.

Hwu, Young and Chen [10] studied stirring phenomena of fluid in a circular cavity. Fig. 1 shows their conceptual
apparatus, featuring a long circular cylinder with two open sectors along the perimeter. The two sectors are occupied
by two flexible belts that can be actuated periodically and drive the fluid moving within the container. Under this
arrangement, fluid can be stirred according to various belt actuation protocols. Although the flow patterns generated
in a circular cavity and in a rectangular cavity are similar to each other, the circular cavity geometry presents some
significant mathematical advantages. Most importantly, the velocity fields of the steady circular cavity flows can be
represented in closed form. Moreover, the periodic flows resulting from varying boundary motions can be treated in a
quasi-steady manner. Trajectories of fluid particles can thus be accurately obtained by integrating the velocity fields of
the transient flows with respect to time. It is well known that when fluid moves in a random manner, particle paths are
sensitive to the initial conditions and to the accuracy of the computational procedure. By using analytical solutions of
the velocity field, one can guarantee more readily that results reflect true physical chaos rather than numerical chaos.
Although results obtained so far for stirring of fluid in a circular cavity are comprehensive, the belt drive apparatus
described above is subject to a number of limitations. The apparatus is difficult to construct and operate in practical
experiments. The main reason is that the belt has a tensional force which tends to pull it away from the perimeter of
the cavity. This pull may be opposed by placing some slender cylinders restraining the belt to its desired geometry
(Fig. 2). However these small cylinders will change the boundary configuration and potentially affect the entire fluid
flows. This will increase discrepancies between theoretical, numerical, and experimental results.

Fig. 1. Sketch of circular cavity with two sliding belts. Fig. 2. Sketch of modified circular cavity with some slender cylin-
ders used to constrain the flexible belts.
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Top view 3-D Model

Fig. 3. Sketch of new fluid mixer with one or two rotating blades.

To overcome the shortcoming illustrated above, the present study examines a new configuration featuring rigid
blades rotated along the perimeter. This device is again a circular cylindrical container, kept at rest, and two long
blades with a circular arc form are installed inside nearly touching the wall of the cylinder (Fig. 3). Fluid within the
cylinder is stirred by periodically rotating the two blades. The device is a more realistic apparatus closer to these
that can be actually implemented in a laboratory or industrial context. It also permits driving the fluid motions along
time-varying sectors of the cavity perimeter, leading to possible gains in stirring efficiency of fluid.

2. Mathematical model

The circular cavity flows treated in the present study are assumed to operate in the Stokes flow regime, hence
inertial effects are neglected. As a result, the equations governing the flow field can be reduced to a linear formulation.
Furthermore by virtue of Landau’s argument [11], the flows can be treated in a quasi-steady manner. It means that
when the blades move or change their angular velocities, the velocity of the fluid will be redistributed very quickly
throughout the entire cavity. This requires that the time scale needed for redistributing the fluid velocity is much
shorter than the time scale governing the motion and angular acceleration of the blades.

Fig. 3 shows a circular cavity with radius of unity and two blades placed inside along the wall of the container.
The device is filled with the fluid to be stirred. The parameters controlling the kinematics of the fluid motions are:
(1) the lengths of the blades, (2) the initial positions of the blades, (3) the ranges within which the blades are moved,
and (4) the protocols of the angular velocities of the rotating blades. The influences of these factors on the stirring of
fluid may be very complicated. To allow a systematic exploration, some further simplifications have to be introduced.
We restrict our attention to the following cases. The fluid in the container is originally at rest and the two blades
are in contact with each other. Then both of the blades are rotated with constant angular velocities and at opposite
directions. After each blade has moved, along the boundary through one half of the circle perimeter, it changes its
direction of rotation to return to the original position, then repeatedly undertakes such a periodic movement. The
periods of oscillation of the two blades can take different values. By restricting blade motions to half of the perimeter,
the two blades will not collide and the stirring of fluid will depend only on factors (1) and (4). Moreover, a particular
case for which only one blade is rotated is included in the present investigation.
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Consider then the velocity field in the circular cavity flow at any given time. The two blades span the following
sectors of the boundary: ] < 0 < B1, @y < 6 < 2 and have angular velocities 27, .Q;‘ , respectively. The quasi-steady
Stokes flow satisfies the biharmonic equation

Vi =0, (1)

in which ¥ stands for the stream-function. The corresponding boundary conditions are

v=0 atr=1, )
ov _Q]*v algegﬂls
— = atr =1. (3)
or -7, wu<o<h

The analytical solution of (1)—(3) can be formulated as follows (Tychonov and Samarski [12], Garabedian [13],
Mills [14])
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The time-varying stream-function for the quasi-steady circular cavity flow is then obtained directly by substituting
functions £2;(¢), «; (t) and §;(¢), yielding

(1—x —y2>9(r> (1+x2+y2+2x)tan i (1)/2 — 2y
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In (5), the periodic rotations of the blades are governed by

QF, nT; <t <m+1/2)T;
£2;() = (n: an integer; i =1,2) (6)
=2F, +1/)T; <t <m+1DT;

and the two constant angular velocities satisfy £27 > 0, .Q;‘ < 0. Furthermore, the first blade is rotated back and forth
along the boundary at the angular velocity £21(¢); 71 is the corresponding period. The same descriptions apply to
the second blade. Because the cavity has unit radius, the lengths of the blades are given by B; () —«;(t) = L; < 7.
Because each of the blades is constrained to stay within half of the circle, one has |.Qi* |T; =2(w — L;). Based on these
relations, the position of the first blade appearing in (5) can be written in the more convenient form

—m +mod(z, T1) 27, nT) <t <m+1/2)T,
() = —mod(t, T1/2)2F — L1, (n+1/2)Ty <t <(n+ DT, (72)
Bi1(t) =a1(t) + Ly (7b)
and, for the second blade,
7 —mod(t, T2)[825], nT) <t<m+1/2)T,
A= mod(r, To/2)|R51 + Lo, (4 1/DTs <1 < (n+ DT, (8a)
ax(t) = pa(t) — Lo. (8b)

The blades are initially located at positions «1(0) = —m, 81(0) = —7 4+ L1 and o2 (0) = — L», $2(0) = 7 at which
they are in contact with each other. They are then rotated to drive the fluid. Under the conditions outlined above, the
four parameters L1, Lo, T}, T> control the blade motions and the corresponding fluid responses in the circular cavity.
The role of the parameters £2] and §25 is accounted for implicitly through relation |27|T; = 2(wr — L;).
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Fig. 4. Initial positions of twenty-eight fluid points used to generate Fig. 5. Initial positions of 305 pairs of fluid filaments employed to
Poincaré sections. compute averaged fluid stretch-rates.

The instantaneous velocity fields associated with the fluid motion can be obtained by taking the derivatives of (5):
dx/dt =u = 0¥/dy,dy/dt = v = —0W¥/dx and the fluid particle trajectories can be traced by integrating the two
velocity components with respect to time. A Runge—Kutta scheme with accuracy of fourth order is used for this
purpose. To identify whether fluid experiences chaotic motions and thus whether stirring is indeed achieved, plots
of the Poincaré sections and computations of the averaged fluid stretch-rates, abbreviated to AFSR in the present
investigation, are invoked (Hwu [15]). Moreover, animations can be produced to illustrate the stirring process of fluid
by continuously recording the deformations of some fluid blobs. For plotting the Poincaré sections, 28 fluid points
that are initially located as shown in Fig. 4 are traced (Hwu [15]). On the other hand, the AFSR is estimated by the
equation Agye = % ZlN: 1(Ax,i +Ay,;)/2. In the computations, N = 305 pairs of fluid filaments that initially located as
shown in Fig. 5 are used (Hwu [15]). > = d/dj indicates the stretch-rate of a fluid filament of initial length dy = 0.001
stretched to length d. For each pair of fluid filaments, A, and A, denote the stretch-rates of the fluid filaments that are
initially aligned parallel to x-axis and to y-axis, respectively.

3. Results and discussion

Figs. 6-9 shows the time evolutions of AFSRs in flows driven by blades of various lengths. In each of the plots,
the values of L| and L, are specified. The period T is fixed to be unity and 73 varies from 0.1 to 1 by increments
of 0.1. The total time interval of the computations is 5. Fig. 6 displays the AFSRs generated in the circular cavity with
Ly =m/4 and L, = /4. The AFSRs grow as time proceeds. At a given time, the values decrease when period 7 is
increased. The similar results obtained when increasing L, from /4 to /2 are illustrated in Fig. 7. The values of
AFSRs are greater than those obtained in the previous case. When the second blade has length Ly = 37 /4, the AFSRs
decrease as shown in Fig. 8. Fig. 9 demonstrates a particular case with L, = 7. In this case, the corresponding blade is
kept at rest and the fluid is driven by the other blade with the period of 1. In this situation, the evolutions of the AFSRs
dramatically change and the values decrease significantly. When the mixer blades have lengths L} =7 /2, L1 =3 /4
and L = 7, the results are similar to those obtained for length L = w/4.For the cavities with L; = , the fluid is
moved by rotating only one blade but with the period 0.1. Based on these results, higher AFSRs can still be obtained
in cavity flows for which only one blade is rotated, provided that the blade is actuated with a shorter period.

Table 1 summarizes the AFSRs that are produced by the cavities with various values of parameters L, Ly and
with 71 =1, T, = 0.1. All of the fluid stretching are examined at + = 5. The tabulated numbers exhibit the following
features: (1) When periodically rotating two blades of equal lengths, the local maximum of AFSRs, 959,915, occurs in
the case of L = L, = /2. On the other hand, the greatest AFSR, 2,501,247, is achieved by using blades of lengths
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Fig. 6. Time variations of the Averaged Fluid Stretch Rate (AFSR) Fig. 7. Time variations of AFSRs for flows with blade lengths

for flows with blade lengths L1 =7 /4, Ly =7 /4. Li=n/4, Ly=m/2.
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Fig. 8. Time variations of AFSRs for flows with blade lengths

Fig. 9. Time variations of AFSRs for flows with blade lengths
Ly=m/4, Ly =37/4.

L =mn/4, L, = 7 (one moving blade).

Table 1

The averaged fluid stretch-rates of flows obtained for various blade lengths L
and L, operated at periods 771 =1, T, = 0.1, and examined at time t =5

Ly Ly

/4 /2 37 /4 7 *
/4 9,834 7,275 15,553 13,841
/2 404,052 959,915 2,501,247 1,125,908
3n/4 395 807 1,105 2,047
" 2.8 43 2.6 1

* The blade with a length of 7 is kept stationary, leaving only one of the two
blades free to rotate.



T.-Y. Hwu / European Journal of Mechanics B/Fluids 27 (2008) 239-250 245

>~
-1 0 1
X
Fig. 10. Sketch of circular cavity with two belts generating the Fig. 11. The Poincaré section for flow with rigid blades of lengths
greatest averaged fluid stretch-rate (disturbances introduced by the Ly =3n/4, Ly =m/2, operated at periods 71 = 1.0, T, =0.1.

inner slender cylinders to flow field computations are neglected).

Fig. 12. The Poincaré section for flow with rigid blades of lengths L| =37 /4, Ly = &, operated only for the first blade at period 77 = 1.0.

Ly =3m/4 and L, = 7 /2. In this mixing protocol, the longer blade has the longer period. (2) It is interesting to find
that the AFSR decreases largely to 807, when the blades take lengths L; = 7 /2 and Ly = 3w /4. This suggests that
longer blades rotated with longer periods are favorable to stirring of fluid. However the AFSRs of the cavity flows
with the blade lengths 7 /2 and 7 /4 violate the prediction. The AFSR is 7275 for (L1 =n /2, L, = w/4) and 404,052
for (L1 =m/4, L, = /2). (3) As mentioned previously, when a single blade is used, higher AFSRs can be generated
by rotating the blade under the shorter period 0.1 (L1 = m) instead of the longer period 1 (Ly = ). Moreover, the
fluid mixer with a moving blade length of /2 yields a local maximum AFSR of 1,125,908.

The stirring of fluid obtained with the present fluid mixer can now be compared with previous results for the
belt-driven cavities (Hwu [15]). Fig. 10 shows the circular cavity flow that has yielded the greatest AFSR in the
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Fig. 13. Successive deformations of fluid blobs in flow generated by rigid blades of lengths L = 37 /4, Ly = /2, operated at periods 71 =1,
T, =0.1, and examined at the following times: (a) t =0, (b)t =0.5,(c)t =1,(d)t =1.5,(e) t =5.

previous studies (Hwu [15]). The rotating angular velocities of the belts are chosen as £21(t) = +2 sin? (¢ /3) and
2,(t) = —2cos?(nt /3), respectively (Hwu [15]). It is surprise to find that, when t = 5, the value of the AFSR is
about equal to 3. Even at time ¢ = 30, the AFSR is about only 960. These values are much lower than the value of
2,501,247 obtained for the greatest stretch-rate in the present investigation. The proposed new mixer in which rigid
blades are used instead of flexible belts is thus formed to be much more efficient at stirring the fluid.

To further document the results, the Poincaré sections of two flows are constructed as follows. The first flow chosen
takes parameters L1 = 3w /4,71 = 1.0 and L, = /2, T» = 0.1 that generate the greatest AFSR of 2,501,247. For
contrast, the second flow takes parameters L1 =37 /4, T1 = 1.0 and L, = 7 which yield the smallest AFSR of 2.6. To
create the Poincaré sections, 28 fluid points were traced and the successive positions were recorded at times ¢t = nT»
(n = integer) over a time span of 5. Fig. 11 shows the result for the first flow. In this case, the fluid was mixed by
two blades of different lengths actuated at different oscillation periods, with one period ten times larger than the other.
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Fig. 13 (continued).

Because one of the blades was rapidly moved back and forth, along the cavity wall, the fluid had a chance to be stirred
completely. Accordingly, the Poincaré section shows that the dots spread extensively throughout most of the domain.
It can be noted that there are period-3 islands and a “white hole” in the chaos sea. Within these regimes, the fluids
remain undertaking regular motions. As predicted by KAM theory, mass exchanges do not occur on the boundaries
between the isolated areas and the chaotic region. Fig. 12 shows the corresponding Poincaré section for the second
flow. In this case, the blade actuated at a shorter period was turned off, leaving only one slowly rotating blade to mix
the fluid. The stirring of fluid is poor and the picture shows dots aligned along smooth trajectories with only slight
perturbations.

Besides the AFSRs and the Poincaré sections, successive deformations of several fluid blobs (Fig. 13(a)) can be
traced to clearly depict the detailed processes of the stirring of fluid. By means of this, one can gain a better perspective
regarding the kinematical features of the stirring of fluid and check whether the fluid is stirred completed, when the
fluid have high AFSRs and the fluid points have been widely spread on the Poincaré sections. Fig. 13 represents
the motions of five fluid blobs for the flow examined previously using a Poincaré section in Fig. 11 and for which
the AFSR is the greatest. As time proceeds to 0.5, Fig. 13(b) displays that the fluid blobs experience rotations and
stretchings by the actions of the two moving blades. The fluid blobs undergo meandering motions due to the periodic
oscillations of the blades. As required for mass conservation of the incompressible fluid, the area of each blob does not
vary. When ¢t = 1, Fig. 13(c) shows four of the fluid blobs being extensively stretched along some directions. Because
the fluid flows in a closed cavity, these blobs are subject to repeated folding. The remaining blob, however, does not
exhibit such severe deformations. Fig. 13(d) shows the corresponding deformations at # = 1.5. In this diagram, fluid
has been stirred to a large extent. The area explored by the marked fluids increases largely as compared with those
at the previous times. This can be interpreted to reflect the exponential grows of the fluid stretch-rates. At t =5,
Fig. 13(e) reveals a picture in which the fluid has undergone a nearly complete stirring. Four of the fluid blobs have
been extensively stretched, bended and folded, and have been dispersed throughout the circular flow domain. Less
thorough stirring is however observed for one of the blobs, initially located in the “white hole” (Fig. 11), and which
undergoes regular motions. For the second flow, the evolution of the fluid blobs at # = 5 is shown in Fig. 14. This is
the flow configuration for which the Poincaré section was plotted in Fig. 12 and for which the AFSR is the smallest.
With only one of the blades rotated, the fluid experiences only slight perturbations within the circular cavity, leading
to a poor stirring efficient.

Fig. 15 displays the stirring of a fluid filament in the cavity for which the AFSR obtained is the greatest. Fig. 15(a)
shows the initial position of the fluid tracer and thus proceeded as in Fig. 15(b) at = 0.5. In this short time, the fluid
filament was heavily stretched and folded, due to the oscillations and to the influence of the nearby boundaries. In the



248 T.-Y. Hwu / European Journal of Mechanics B/Fluids 27 (2008) 239-250

-1

-1 0
X

Fig. 14. Deformations of fluid blobs in flow generated by rigid blades of lengths L = 3w /4, L, = m, operated only for the first blade at period
Ty = 1, and examined at the time r = 5.
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Fig. 15. Successive deformations of fluid filament in flow generated by rigid blades of lengths L| = 37 /4, L, = /2, operated at periods T} = 1,
T, =0.1, and examined at the following times: (a) t =0, (b) t =0.5.

viscous fluid flow, any two particles initially located at a small distance from each other undergo repeated separation
and approach moves. Accurate simulations of the deformation processes for a large number of fluid particles are
expensive both in time and in memory. Therefore, it is difficult to construct a global picture for the stirring of fluid.
If one wants to know how the fluid can attain a larger overall stretch-rate, Table 1 can be consulted. To construct a
rough draft, 37 fluid blobs initially located as shown in Fig. 16(a) were used. The simulations were also performed
on the mixer resulting in the greatest fluid stretch-rate. When the stirring is conducted over a time span of 2, the fluid
is observed to be nearly completely mixed, as documented in Fig. 16(b). The stirring develops much like the process
described earlier in relation to Fig. 13.
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Fig. 16. Successive deformations of 37 fluid blobs in flow generated by rigid blades of lengths L = 37w /4, L, = /2, operated at periods 71 =1,
T, =0.1, and examined at the following times: (a) t =0, (b) t = 2.

4. Conclusions

The present investigation proposed a new fluid mixer that can be realistically constructed and operated in exper-
iments. By using rigid blades, the proposed devices improve an earlier device based on flexing belts, and generates
much higher averaged fluid stretch-rates in a short time. Furthermore, the fluid can be mixed completed by care-
fully choosing the dimensions and operating parameters of the blades installed within the cylindrical container. Such
through mixing was found to be impossible to attain in the configurations considered previously. By choosing suitable
lengths and oscillation periods for the blades, the fluid may be deformed to averaged stretch-rates taking very large
magnitudes of up to 2,501,247.
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